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4.1. Exact solution of the linear diffusion equation

First, recall that by applying Fourier’s transformation to the linear diffusion equation for the potential
U(x, 1),

ou
we obtain the following solution in Fourier space :
Uk, 7) = Up(k)e " 7 s 7(t) =0 . (4.2)

Transform, in the next step, this expression back to Eulerian space by the inverse Fourier transforma-
tion to arrive at the following representation of the solution of the linear diffusion equation :
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Hint : Use the Fourier transform of the initial potential,
Up(k) = / Py Up(y)e™¥ (4.4)

and employ the inverse Fourier representation of a Gaussian distribution :
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for an Eulerian variable y. If you are using another way for the proof, then you may need the Fourier
representation of a Dirac distribution,

o(x —y) =
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and/or the inverse Fourier transform of the initial potential,
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Uos(y) = / Bk Up(k)e kY (4.7)

To confirm this solution, show by explicit calculation that the representation for U in terms of a
convolution with a Gaussian, Eq. (4.3), solves the linear diffusion equation (4.1).

4.2. Exact solution of Burgers’ equation

Show, by transforming back to v = —2u VU /U, that the solution of Burgers’ equation

d
—v = 21/ +v-Vv=pAv ; p=const. (4.8)
dr or

reads : .
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where the generating function (cf. Chapter 1),

vV =
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solves the equation
0 1 9
Eg + i(VG) =0 forfixed X . (4.11)
4.3. Examples of inverse Laplace transforms
Find the inverse Laplace transform L~1[F(p)] = f(x) of the following functions :
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Hint : Recall )
L[e™] = —; (4.13)
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