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5.1. Vorticity transport equations and theorems

If our system develops under the action of a potential force, which is the case for a self-gravitating
Newtonian dust continuum, then we have from Euler’s equation d/dtv = g :

Vxg=Vx %V+(V-V)V ~0 . (5.1)

First, employ the vector identities
2@-V)b=Vx (bxa)+V(a-b)+aV-b—-bV.-a—ax(Vxb)—bx(Vxa), (52a
Vx(axb)=(b-V)a—(a-V)b+aV-b—-bV-a , (5.2b)

for any vectors a, b, in order to cast Eq. (5.1) into an evolution equation for the vorticity w :=
1/2V x ¥, using the first identity :

%w+Vx(wa):0, (5.3a)
and, using the second identity :
%w:w-VV—wV-V. (5.3b)

We have written the latter equation with the help of the Lagrangian derivative. Eq. (5.3b) is known
as the Helmholtz transport equation for the vorticity. Upon eliminating the divergence of the mean
velocity field through the continuity equation, confirm that we can also write it as follows :

d
2 (Y)Y =% . vv, (5.4)
dt \ o 0

which is known as Beltrami’s transport equation. It is interesting that we can find an exact integral of
this equation, as derived in the following TD.



5.2. Cauchy’s integral

Show that, along integral curves x = f(X, ¢) of the mean velocity field,

(%) (X,t) = (%) (X, to) - Vof (X, 1) (5.5)

is a general integral of Eq. (5.4); V, denotes the nabla operator with respect to the Lagrangian
coordinates X.

5.3. Vorticity evolution equation for pressure-supported fluids

Start with the Euler—Jeans equation for isotropic stresses,

1
Vxg=Vx %V+(V-V)V+5Vp =0, (5.6)

and employ the vector identities (5.2a) and (5.2b), and additionally
Vxaa=aV xa+Vaxa , (5.7)

for any scalar «, in order to cast Eq. (5.6) into an evolution equation for the vorticity w := 1/2V x ¥,
as we have already done in the case of a dust continuum above. Find the equations of Helmholtz and
Beltrami with pressure, and try to integrate the latter along trajectories of fluid elements.

5.4. Transformation of a model equation

Show that the following time-dependent transformation of v and the change of the time-variable,
t— T,

v=at) ; 2= h(t) ; T=a, (5.8)
(6
leads to the model equation :
d 0 ) 198  h(t)
—v=— . = A h pi=-———-——. .
dTV 67_1/ +v-Vv=p(o,t)Av with p 2 90 IxGall) (5.9)

For ;1 = const. this equation is known as the three—dimensional Burgers equation. In general, the coef-
ficient in front of the Laplacian is density— and time-dependent. Notwithstanding, Burgers’ equation is
still a good model in many circumstances.



